Let R be any associative ring with unit and let HR denote the corresponding Eilenberg-Mac Lane spectrum. We show that the category of algebras over the monad X → HR ∧ X on the homotopy category of spectra is equivalent to the homotopy category associated to a model category of HR-module spectra, if the ring R is a field or a subring of the rationals, but not for all rings.
Introduction
Classically, ring spectra and module spectra were defined as objects of the stable homotopy category equipped with suitable structure maps. The stable homotopy category, as described by Adams in [1] , has a smash product which is associative and commutative up to homotopy. The structure maps that define ring spectra and module spectra give rise to diagrams that commute up to homotopy. For a given ring spectrum E, the E-modules in this sense, together with the E-module maps, form a subcategory which can be seen as the Eilenberg-Moore category associated with the monad defined by X → E ∧ X, i.e., the category of algebras over this monad. We call this category the category of homotopy E-modules.
The recent discovery of new structured model categories for stable homotopy, such as the categories of S-modules [7] or symmetric spectra [9] , equipped with a strictly associative and commutative smash product, allows one to define strict ring spectra (the monoids in the category) and strict module spectra (modules over monoids). The structure maps for these objects give rise to diagrams that truly commute in the model category. Thus, for a strict ring spectrum E, we can as well consider the homotopy category of strict E-modules, by endowing the category of strict E-modules with a model structure as in [7] or in [9] .
The categories of strict modules have better properties than the categories of homotopy modules. The fibre of an E-module map of strict E-modules is a strict E-module, yet this need not be true for homotopy E-modules. The model category of strict HR-modules is Quillen equivalent to the category Ch(R) of unbounded chain complexes of R-modules; see [7] , [12] , [13] .
The homotopy category of strict HR-modules is not equivalent to the category of homotopy HR-modules in general. However, they are equivalent in some special cases, for example when R = Z (the homotopy HZ-modules are also called stable GEMs). We give a sufficient condition for a ring R in order that there is an equivalence between the homotopy category of strict HR-modules and the category of homotopy HR-modules. This condition is fulfilled by fields and by subrings of Q.
There is a forgetful functor U : C T −→ C defined by U (M, m) = M and U (f ) = f . This functor is faithful and has a left adjoint F : C −→ C T defined by F (M ) = (T M, µ M ) and F (f ) = T (f ). This adjunction yields a bijection
for any X ∈ C and any T-algebra (Y, m). Given two monads T = (T, η, µ) and S = (S, η , µ ) on a category C, a morphism of monads S −→ T is a natural transformation λ : S −→ T such that the following diagrams commute:
Remark 2.1. Any morphism of monads λ : S −→ T yields a faithful functor between the categories of algebras Q : C T −→ C S , since any T-algebra has an S-algebra structure via the morphism λ. Thus, Q is defined as
where U is the forgetful functor. This shows that the functor Q is faithful.
Example 2.2. Let Ab be the category of abelian groups and let R be a ring with unit. The functor R ⊗ − : Ab −→ Ab together with the product and the unit of R is a monad on the category of abelian groups. The Eilenberg-Moore category associated with this monad is the category of left R-modules.
Given a ring spectrum E ∈ Sp Σ , an E-module spectrum is a pair (M, m) with M ∈ Sp Σ and m : E ∧ M −→ M such that the following diagrams commute:
Example 3.1. If R is an associative ring with unit and M is a left R-module, then the Eilenberg-Mac Lane spectrum HR is a ring spectrum and the spectrum HM is an HR-module spectrum. The structure maps of HR and HM come from the product and the unit of R, and from the structure homomorphism of M as an R-module.
A map of E-modules or an E-module map f : (M, m) −→ (N, n) is a map f : M −→ N such that the following diagram commutes:
For any ring spectrum (E, η, µ) we can consider the functor E ∧ − : Sp Σ −→ Sp Σ . This functor sends any X to an E-module spectrum E ∧ X. The natural transformations η ∧ Id : Id Sp Σ −→ E ∧ − and µ ∧ Id : E ∧ E ∧ − −→ E ∧ − form a monad on the category of symmetric spectra, by the commutativity of (3.1). The Eilenberg-Moore category associated with the monad (E ∧ −, η ∧ Id, µ ∧ Id) will be denoted by E-mod and called the category of strict E-modules. By [13] , this category admits a model category structure. If Ho(E-mod) is the corresponding homotopy category, and M and N are objects in this category, we denote by [M, N ] E-mod the group of morphisms between M and N in Ho(E-mod). Thus, (1) yields a bijection
for any E-module spectrum N and any M . This bijection does not induce a bijection of homotopy classes of maps in general, as shown in Corollaries 4.5 and 4.6. Now, for a ring spectrum E ∈ Sp Σ , consider the monad (E ∧ −, η ∧ Id, µ ∧ Id) on the homotopy category Ho(Sp Σ ). The Eilenberg-Moore category associated with this monad will be called the category of homotopy E-modules, and denoted by E-hmod. If M and N are objects in E-hmod, we denote by [M, N ] E-hmod the group of morphisms between them in the Eilenberg-Moore category. If N is a homotopy E-module and M is any spectrum, then the bijection (1) gives an isomorphism
Note that the objects in E-hmod are E-module spectra in the traditional sense, i.e., endowed with structure maps for which the diagrams (3) and (4) commute up to homotopy. Thus, every strict E-module is a homotopy E-module.
Homotopy modules and derived categories
The categories E-hmod and Ho(E-mod), defined in the previous section, are very different in general. In this section we compare these two categories in the case where E is the ring spectrum HR, for some associative ring R with unit. In what follows R-modules will be left modules.
The derived category D(R) of the ring R is defined as the homotopy category of Ch(R), the model category of unbounded chain complexes of R-modules; see [8] . The weak equivalences are the quasi-isomorphisms, i.e., the maps inducing isomorphisms in homology. If E is any R-module, we will denote by E[k] the chain complex
where E is located in dimension k. If A and B are two R-modules, then the following holds:
Ch. 10] for a useful description of the derived category.
The projective dimension pd(A) of an R-module A is the minimum integer n (if it exists) such that there is a projective resolution of A of length n,
If no such integer exists, we say that pd
The 
is weakly equivalent, and hence isomorphic in
Proof. If gd(R) = 0, then there exists a map p k :
and this yields a map of chain complexes φ :
be a projective resolution of the k-th homology group H k (C). Take A k to be the complex · · · → 0 → R k → F k → 0 → · · · with F k in dimension k and R k in dimension k + 1. Now we construct a map from ⊕ k∈Z A k to C inducing an isomorphism in homology. For each k ∈ Z, we have the following diagram: 
Since F k is projective and π is surjective, there exists a map p k :
Again, R k is projective and the map C k+1 → Im d k+1 is surjective, hence there exists a map q k : R k −→ C k+1 closing the diagram. For each k ∈ Z, we have defined maps p k and q k · · · / / C k+1
and this yields a map φ : ⊕ k∈Z A k −→ C that is a quasi-isomorphism. Since the complex A k is quasi-isomorphic to H k (C)[k], we have that ⊕ k∈Z H k (C)[k] and C are quasi-isomorphic. 
where E 1 , . . . , E k are free [10, Corollary III.6.5]. Take now the chain complex
where E 1 is in dimension 0. This complex has homology only in dimensions 0 and k− 1, namely H 0 (E) = M and H k−1 (E) = N . But if this complex is quasi-isomorphic to M [0] ⊕ N [k − 1] then ξ = 0, because E 1 , . . . , E k are free and hence there exists a quasi-isomorphism from the first complex to the second one, and therefore a
The following result was first proved in [12] . A recent generalization can be found in [13] .
Theorem 4.3. For any ring R there is a Quillen equivalence between the model category of unbounded chain complexes of R-modules and the model category of (strict) HR-modules. This equivalence induces an equivalence between the homotopy categories D(R) and Ho(HR-mod) that sends each HR-module M to a chain complex
The objects of the category HR-hmod are precisely the stable R-GEMs and have been studied in [6, Section 5] . Recall that a spectrum E ∈ Ho(Sp Σ ) is a stable R- (5) since the natural map ∨ k∈Z Σ k HA k −→ k∈Z Σ k HA k is an equivalence in this particular case. Thus, the study of morphisms in HZ-hmod amounts to the study of [HA, Σ k HB] HZ-hmod . These abelian groups have already been described in [6, Section 5] , as follows: Proof. Suppose that there exists an equivalence between the categories HR-hmod and Ho (HR-mod) . Then for any R-modules A, B and any k ∈ Z, we have that [HA, Σ k HB] HR-hmod ∼ = [HA, Σ k HB] HR-mod = Ext k R (A, B) by Theorem 4.3. But [HA, Σ k HB] HR-hmod = 0 for k = 0, 1 by Corollary 4.5, and this is a contradiction since gd(R) > 1.
We will now discuss [HA, Σ k HB] HR-hmod in the cases k = 0 and k = 1, for any ring R. The following proposition generalizes Proposition 4.4 for any ring R in the case k = 0. (R ⊗ A, B) . The map f is in ker Φ if and only if f (ra) = rf (a) for all r ∈ R and a ∈ A, and this is the same as stating that f ∈ Hom R (A, B) . 
does not split. If this splitting did exist, then x n = 0 in Q[x]/(x n+1 ), which is a contradiction. On the other hand, Ext(A, B) = 0 as abelian groups because Q is divisible.
Note that this example shows that, for the ring R = Q[x], which has global dimension 1, there is no possible equivalence of categories between Ho(HR-mod) and HR-hmod.
An equivalence of categories
In this section we study for which rings R there is an equivalence of categories between Ho(HR-mod) and HR-hmod. As we have seen, Corollary 4.6 states that there is no possible equivalence if gd(R) > 1. But not all rings of global dimension one yield such an equivalence, as illustrated by Example 4.8. However, as we next show, the equivalence holds if the ring R is a field or R is a subring of the rationals.
Proposition 5.3 of [6] can be extended to the case of HR-modules when R is a field or R is a torsion free solid ring. For these rings, equality (5) also holds if one replaces Z by R. If R is a field, then every R-module splits as a direct sum of copies of R, and hence If R is torsion-free, then HR ∧ M A H(R ⊗ A) for any R-module A. If a ring R satisfies these two conditions, then [HA, ΣHB] HR-hmod = Ext R (A, B) .
Lemma 5.1. If R is a torsion-free solid ring of global dimension one, then R is a subring of the rationals.
Proof. This follows from the classification of solid rings (see [5] ).
Theorem 5.2. If R is a field or R is a subring of the rationals, then there is an equivalence of categories between Ho(HR-mod) and HR-hmod.
Proof. We construct a functor Φ : HR-hmod −→ D(R) that is an equivalence of categories. It will be enough to define the functor on objects of the form Σ i HA, since any M ∈ HR-hmod is isomorphic to ∨ k∈Z Σ k HA k in HR-hmod, and on morphisms of the form f : HA −→ Σ k HB in the cases k = 0 and k = 1, by equality (5) . If φ is an equivalence of categories, Ho(HR-mod) HR-hmod by Theorem 4.3. We consider separately the case of a field and of a subring of the rationals.
If R is a field, then gd(R) = 0 and hence Ext R (A, B) = 0. We define Φ(Σ k HA) = A[k] and, thus, if M ∈ HR-hmod is such that M ∨ k∈Z Σ k HA k , then Φ(M ) = ⊕ k∈Z A k [k]. Thus, for a map f : HA −→ HB we define Φ(f ) = π 0 (f ), the corresponding map between A[0] and B[0]. Now, Φ is a functor and it is full and faithful. Moreover, every object in D(R) lies in the image of Φ up to isomorphism by Proposition 4.1, so it is an equivalence of categories.
If R is a subring of Q, we define Φ(Σ k HA) = P k (A) where P k (A) is the complex
with F k in dimension k, and R k → F k → A is a projective resolution of A. If M ∨ k∈Z Σ k HA k , then Φ(M ) = ⊕ k∈Z P k (A k ). A map f ∈ [HA, HB] HR-hmod corresponds to a morphism of R-modules from A to B and hence lifts to a map f between the projective resolutions of A and B
This yields a map from the complex P 0 (A) = Φ(HA) to P 0 (B) = Φ(HB). We define Φ(f ) = f . Similarly, a map g ∈ [HA, ΣHB] HR-hmod lifts to a map g between the complexes P 0 (A) = Φ(HA) and P 1 (B) = Φ(ΣHB),
We define Φ(g) = g. The Yoneda product 
